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DEFECT RELATIONS FOR DEGENERATE MEROMORPHIC MAPS

WANXI CHEN

ABSTRACT. Using a concept called subgeneral position and adapting a weight
function created by E. I. Nochka, this work proves the Cartan’s conjecture on
defect relations for a degenerate meromorphic map from a parabolic manifold
into a projective space.

In value distribution theory, defect relations for a nondegenerate meromor-
phic map are well known. When the map is degenerate, the situation is not so
good. A defect relation was conjectured by H. Cartan [1] in 1933. It remained
unproved until 1982 when Nochka [4] was published. Nochka [4] deals with
only a degenerate meromorphic curve; i.e., the domain of the map has dimen-
sion one. When the domain has dimension greater than one, no defect relations
for degenerate meromorphic maps have been known. After a discussion of the
Second Main Theorem, this work has succeeded in establishing a Nevanlinna
defect relation for a meromorphic map (degenerate or nondegenerate) from a
parabolic manifold into a projective space. The defect relation is rather general.
It contains as special cases all the known Nevanlinna defect relations for such
kind of meromorphic maps.

The basic idea of this work is very simple: transform the problem with a
degenerate meromorphic map into the one with a nondegenerate meromorphic
map. The difficulty is, after such a transformation, the originally given hy-
perplanes in general position become hyperplanes not in general position. We
overcome this obstacle by introducing a concept called subgeneral position (see
Chen [2, 3)).

The defect relation comes from the Second Main Theorem, while the latter
depends on two inequalities: the Product to Sum Estimate and the Ahifors
Estimate. Degeneracy of a map does not affect the Ahlfors Estimate, but it
does affect the Product to Sum Estimate. To build a desired Product to Sum
Estimate, we adapt a weight function created by Nochka [4] and proved in
Nochka [5].

To save pages and to make basic ideas clearer, we take two steps: first, we
prove only a result for hyperplane targets, the defect relations for associated
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maps are referred to Chen [2]; second, we make the preliminaries for this work
very brief. Some basic concepts are used in this work without definition. The
details of them can be found in Stoll [6]. Part A of Stoll [7] is also good enough.

0. PRELIMINARIES

Let V' be a complex vector space of dimension k + 1 with 1 < k < 00.
Let V" be the dual vector space. Denote Z[a, b] = {x | x is an integer,
a<x<b}and Q=12[1,q]. Let {a,},., be a family of vectors in V" — {0}
and a;, = P(a;) € (V7). If P C Q, then denote H(P) = span{a, | j € P}
and d(P) = dim H(P). Suppose the integers k, n and g satisfy n > k > 1
and 2n-k+1<g<oo.

Definition 0.1 (Chen [2, 3]). {a i}jeg are called in n-subgeneral position if any
n+ 1 of them generate V*. {a ; } jeg are called in n-subgeneral position iff
{a;},co arein n-subgeneral position.

Lemma 0.2 (Chen [2, 3]). Suppose | € Z[1, q], {aj}jGQ are in n-subgeneral
position and A: Z[1, 1] — Z[1, q] is an injective map. Then

() d({A(l), ..., A(H) =k+1 ifl>n+1;

(2)d({A(l), ..., O 21 —(n—k) if ISn+1.

Denote R(a, b] = {x | x is a real number, a < x < b}.

Theorem 0.3 (Nochka weight function; see Chen [2, 3], Nochka [4, 5]). Suppose
{a j} jep arein n-subgeneral position. Then there exists a Nochka weight function
w: Q — R(0, 1] and a Nochka constant 6 > 1 such that

M O0<w()-0<1 forall jeQ;

2)g-2n+k—-1 =0-(E’]’.=]w(j)—k— 1);

B)(n+)/(k+1)<O0<2n—k+1)/(k+1);

(A If PCQ and 0<#P<n+1, then 3, pw(j) < d(P).

Now we list some general assumptions (undefined concepts are referred to
Stoll [6] or part A of Stoll [7]):

(A1) M is a connected complex manifold of dimension m;

(A2) 7 is a parabolic exhaustion on M ;

(A3) V is a Hermitian vector space with dimension k + 1 > 2;

(A4) f: M — P(V) is a meromorphic map;

(A5) There is a holomorphic differential form B of bidegree (m —1, 0) on
M,

(A6) f is general for B;

(A7) T majorizes B and Y is the majorant;

(A8) Let {aj} jeg be elements of P(V") in n-subgeneral position with Q =
{1,...,q} and ¢ >2n-k+1;

(A9) Let w: Q — R(0, 1] be a Nochka weight function for the family
{a j} jep With Nochka constant 6.

Remark. (A6) implies that f is linearly nondegenerate.
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Assume (A1)-(A7) hold. If A C M, teR", we define A[f]=AN{xe M|
T(x) <Y, Aty = An{x € M | t(x) = £*}. Let v = dd°t, w = dd log,
o =dlogt Aw™ '. We know that they are all nonnegative. Let A, ={re

*|dt(x) #0, Vx € M(r)}. Then the set R* — A, has measure zero. Stoll [6,
p. 133] says forall reA , { = [, M @ is a positive constant. For 0<p <k,
let j; be the pth associated map of f, let Qp be the Fubini-Study form on
P(A,4, V). Define

2-2m m-—1
A = Q .
L=t /Mmf,','( ) AD
Define the pth characteristic function for 0 <s < r
r dt
Tfp(r, s) —/s Af,,(t)T‘
We know Tfk(r, s) = 0. Denote Tf_.(r’ s)=0.

Lemma 0.4 (Stoll [6, Lemma 10.5, p. 161]). Assume (A1)-(A7). Let 0<p <n.
Then Tf (r,s) — oo as r — oo ; moreover,
p

Tf (r,s)
4
im —-——
r—oo logr
Let I, be the indeterminancy of f‘p .On M- 1, define

. m—1
H =m! (L) (=)"TIEIRL QYA B AB.

2n

We know H, > 0. Define h, = H,/v™. Forall r € A, define S,(r) =
3 L Mr) logh a Let v be a d1v1sor on M with S = supprv. The countmg
function of v is defined to be

rz_z’"/ v itm>1;
S(r]

Z v(z) ifm=1.

z€S[r]

Define N, (r,s) =[] n,(t)dt/t. Let uf be the a-divisor of f. Let d, be the
zero d1v1sor of f When p = k, we obtain the Wronskian divisor d Since
we use reduced representation for f, = f, we have always d, =0. We denote
d_, = 0. The divisor Ip = dp - 2d + dp +1 2 0 is called the pth stationary
index. We have

Theorem 0.5 (Pliicker Difference Formula; Stoll [6, Theorem 7.6, p. 150]).
Assume (A1)-(AT). Then for almost all s€ A, reA, with 0<s<r.

N, (r,s)+Tf_l(r,s)—2Tf(r,s)+Tf I(r,s) S,(r) = S,(s) + Ric (r, s5),
where Ric (r, s) is the Ricci function of M defined in Stoll [6, (7.40), p. 147].

Now we assume V' is a Hermitian vector space and (r | y) is the Hermitian
product of r € V' and n € V. Let || denote the norm of x. For p €

n,(r) =
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Z[0, k], the Hermitian product ( | ) induces a Hermitian product in /\p V.
Let L: A, V X | A,V be the interior product defined in the usual way.
Ifre A, V-{0}, x =Pk, a € V"~ {0} and a = P(e), we define
Ex)={ype V |rAy=0}. Itis a linear subspace of V. Denote E[a] =
Ele]l={r €V | ar) =0}. Itis a hyperplane. Define $xLa$ = |zLa||/||z]| - ||| -
Define G, (V) = (ryA-++Ax, |5, €V, j=0,...,p}. Then G, (V) =P(G,(V))
is a Grassmann manifold. For a € P(V"), define an a-d1v1s0r v = ,uz as in
Stoll [6, (8.10), p. 152]. Define

pr(r,s,a)=/s n (t)dl

Define :
mf(r,a)z/ log ————o0
P M(r) $pra$
Then we have

Theorem 0.6 (Projective First Main Theorem) (Stoll [6, (8.21), p. 153]). Assume

(A1)-(A7). If a€P(V"), 0<p<k, seA,,relA, 0<s<r, then
Tfp(r,s)=pr(r,s;a)+mfp(r,a) mf(s a) + fLa( 5).

If p =0, then Ti,(r,s)=0 implies the usual First Main Theorem (Stoll
[6, (6.63), p. 140]):

Tp(r,s)=Nr,s; a)+mg(r,a)—mgs,a).

Stoll [6, Proposition 10.9, p. 163] implies
Theorem 0.7. Assume (A1)-(A7). For 0<p <k,

log Tfp(r, 5) < log Tf(r, s)+log log Y (r) + log* Ric:(r, s) + 2log" logr,
where < means the inequality holds beside a set of R with finite measure.

Assume (A1)-(A8). Take s, €A . For 0<p <k and j € Q, we define

®,(a;) = $praj$2 , r, = max{mfp(so, a;)|Jje€Q},
1

B(r) = { 2q(Tfp(r, S) +1+T))
B(

Sy) if0<r<s,.
Observe that 0 < B(r) < 1 for all r > 0. Using these notations, we have

Lemma 0.8 (Stoll [6, p. 167, Lemma 11.5]). For any ¢ >0,

o @) \
log _L_j’_h
/M(r} (Zq) (aj)l B "p

JEQ Tp

ifr>s5,>0,

<L+ 8)2(3log Tf (r,s)+logY(r)) +elogr.
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1. PrRobUCT TO SUM ESTIMATE

Lemma 1.1. Given real numbers Ej > 1 and Aj >0, j=0,1,...,n—1, such
that

(l)E()ZE]ZZE,,ZI,

(2) ¥ oA <p+1,forall peZ[0,n—1].
Then

“ A A n+1=3"""12
HEjZ(EO)o...(En—l) "_I(En) i=0 j'
5

Proof. Observe that when p = 0, (2) implies 4, < 1. We can prove it by
induction in n, starting from n=1.

Theorem 1.2. Let {a;},., be in n-subgeneral position. Let w:Q — R(0, 1]
be a Nochka weight function with Nochka constant 6 for {o;},., as defined in
Theorem 0.3. Take A C Q with 0 < #4 < n+1. Let {E;},., be a family
of real numbers with E; > 1. Then there exists B C A such that {a;}, p isa
base of H(A) and such that

(1.1) [TE) <TIE,.
j€A JEB
Remark. If #4=n+1, then H(4) = V" and {a,},., isabase of V.
Proof. Without loss of generality, we identify 4 = Z[0, p] such that
(1.2) Ey>2E >---2E,.
We define j, =0, By={j,}, 4y=Iy={j€4|a;€H(B,)}. Then 4,C 4.
If 4, < A, we construct
j1=min(A-Ao), Bl=B0U{j1}={j0aj|}a

I,={jed-4,|a;€ H(B))}, A =A4,ul, =101, .

A, is a disjoint union. Observe that 4, C 4. If 4, S 4, we continue such

procedure to construct 4,, ..., 4,. Say we reached A4, |, with 4,_, € 4, we
continue inductively with
j,' = min(A - A,'_l) s B,' = Bi_l U {J,} = {jo’ j] 3 eee s j,'}a

I={jeA-A4,_ |a;€H(B)}, A;=A4,_ Ul =1,ul,u---UI,.
Since we have j, € B;, we have a; € H(B;). Now j, € A— A,_, implies
J; € I;. Therefore I, # &. Hence A4, S A, & -+ & A, C A. Because 4 is
finite, the process ends with A ;= A. Then

(1.3) A=A,=I,u---ul,

is a disjoint union. Since j; € I;, we have j, # j, if i# k. Hence #B, =i+1
for all i € Z[0, []. These 4 ;'s have the following properties:

(1) 4;,=1,ul, U---UI, is a disjoint union for i € Z[0, /];

(2) j;=min/, forall i€ Z[0, [];
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(3) {aj}jeB‘ = {ajl}lGZ[O,i] is a base of H(4,);

(4) H(B,) = H(A;) and d(4;,)=i+1 forall i€ Z[0,].

The proof of these properties is direct. In fact, (1) is already proved. Also
J; € I, has been shown. Take j€/I,. If i=0,then j,=0<,.If i>0, then
JEIL,CA-A,_ . Hence j > min(4 - A4,_,) = j;. Thus j, = min/;, and (2)
is proved. (3) and (4) can be proved by induction in i starting from i =0.

Now we will complete the proof of Theorem 1.2. Define B = B,. Since
A= A,, we see that {aj}jeB is a base of H(A). For i € Z[0, /], define

(1.4) A=Y o))
jel,
Put B, =0. For p€Z[1,[+1], define g, = Zf:ol 4;. Then

p—1 p—1

B,=> 4=3.> w(j)= Y, w(j)<d4,_)=p,

i=0 i=0 jel, JEA,_,
where the inequality is due to Theorem 0.3(4). Here
Ay=B =B <l+1-5.

Now Lemma 1.1 implies
I

!
(1.5) ITE =11k Z(Ejo)‘o...(Ej/_l)A, (E )T s H

JEB i=0 i=0

Since j, = min/,, (1.2) implies that Ej < Ej for all j €I,. Hence

[z 1l T )™

JEB i=0 €I,
i) (1.3) '
> HH(E,)“’(” = TIE)*”. QED.
i=0 jEl, j€A

For x€ G,(V), d 20 and P C Q, define

(1.6) 1.d,P)={jeP|$xLa$’ <d}.
Abbreviate
(1.7) I,=1(0,0) ={j€Q|$xta$ =0}.

Then we have the following result.

Lemma 1.3. Suppose {aj € P(V") | j € Q} arein n-subgeneral position. Then
there is a constant ¢ € R(0, 1) such that

(1.8) #I (c,Q)<n-p forallxer(V).
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Proof. Take any x € Gp(V). Vectors g, ..., 5, exist in ¥ such that ¢ =
oA~ Ar, #0 and P(r) = x. A linear subspace E = N E[aj] is defined.

If jel_, then $xLaj$ =0 implies

jel,

P
A
0=;Laj = E (=1 azj(;/l)zzo/\~--/\;:/1_1 N N AE,.
A=0

Since the vectors g, ..., r, are linearly independent, therefore {ry A--- A
o AEg AN AL, | A=0,...,p} are linearly independent and hence we
have o j(&) =0 for A=0,...,p. Since j € I is chosen arbitrarily, therefore
T, eE[aj] for jel . Hence r; € E for A=0,...,p. Because {z,, ..., ch}
is a base of E(x), we obtain E(x) C E.

Let H(I,) be the vector space generated by {a j} jer - There is a subset
B C I, suchthat {a;}, p isabaseof H(I,). Define E= Njecp Ela;], =4I,
s=#B. Then k+1—5s = dimE. Also E D E since B cr.If nef,
then a,(y) = 0 for all j € B. Hence a(y) = 0 for all a € H(/,). Hence
aj(n) =0 forall j €I, . Hence n€ E. We see that E=ED E(x). Therefore
p+1<k+1-s,ie,s<k-p.

If I=#I,>n+1,then {o;},, generates V* . Therefore s =k +1 and

0<p+1<k+1-(k+1)=0, which is impossible. Hence / < n+1. Lemma
0.2 implies s = #B = dim H(I,) > /- (n—k) . Therefore /—(n—-k) <s<k-p,
we obtain

(1.9) #_ =1<n-p.

Pick ¢, € R(0, 1) such that $xLaj$2 >c, forall je Q-1 . Since $yLa;$
is continuous in y near x, therefore there exists an open neighborhood U, of
. 2 . o« .

x in Gng) such that $ngj$ >c, forall ye U, and j € Q-1 . Finitely

many points x,, ..., X, exist such that Gp(V) = le U---u U, . Define
c=min(cxl , .05 € ) ER(O, 1).

Take any y € Gp(V). Then A € Z[1, ] exists such that y € le. Take

Jj €1I(c). Assume that j ¢ I . Then $yLaj$2 >c 2c2 $yLaj$2 , which is

impossible. Hence Iy(c, Q) C le , #I,(c, Q) < #le . Applying (1.9) we obtain

#Ix‘ < n —p. Therefore #1,(c,Q)<n—p forall ye Gp(V) . Q.E.D.

Let 2 be the set of all subsets B of Q such that {a } ., isabase of V".
Then #B =k + 1 for all B €.Z. We have

Lemma 1.4. Suppose x € Gp(V) and a ;€ P(V*), j € Q, are in n-subgeneral
position. Then there is a constant ¢ € R(0, 1) such that
#I (¢,B)<k—-p forall xe G,(V)andall Be Z .

Proof. {a} jeB is in general position, i.e., in k-subgeneral position. By Lemma
1.3, there is a constant ¢(B) € R(0, 1) such that #I (c(B), B) < k —p for
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all x € G,(V). Because .Z is finite, we may let ¢ = min{c(B) | B € £} €
R(0,1). Then I.(¢,B) C I(c(B), B) forall B € % and all x € G,(V).
Hence #I,(¢, B)<k—p forall xe G,(V) and Be€ .. QED.

Take p € Z[0, k — 1]. Lemma 1.3 shows there is a constant ¢ € R(0, 1)
such that #/ (c, Q) < n—p forall x € Gp(V). Lemma 1.4 shows there is
a constant ¢ € R(0, 1) such that #I (¢, B) < k—p forall x € G,(V) and
B € ¥ . Fix these constants and define

(1.10) ¢, =c "k -p)T P 0.

Theorem 1.5 (Product to Sum Estimate). Assume (A3) and (A8), take p €
Z[0, k—l] and take x € G,(V) and y € G, (V) with E(x) G E(y). Assume
that E(x) ¢ Ela)] for all j e Q. Take B; € R[O 1] for each j € Q. Then we
have the estzmate

k—p
(L1D) 11[ $yLa, $>V) < z": $yLaj$2

. C —53h .
i1 $xLa, SxLa 207, = $xLa$*7

Proof. Since E(x) ¢ E[a;] we have $xLa;$ > 0. Define

F = I__eR, Gj=$xLaj$2ﬁf51.

Then F; > 1. We have also 0 < G, = $xLaj$2ﬂf < 1. Take ¢ and ¢ as in
(1.10). Then #I (c, Q) < n—p. Asubset 4 of Q exists such that #I (c) & 4
and #4 = n+1. Then {a;}, , generates V" . By Theorem 1.2, there is a
subset B C A such that {a;}, ., is a base of V" and such that

[1E)*" <T1F;-
JjEA JEB

Observe that Be .. If je Q— A, then j &I (c, Q). Hence $xLaj$2 >c.
Thus F; < 1/c and ZjGQ_Aa)(j) <#(Q - A) <gq. Since ¢ <1, we have

H (ij)w(l) SC—q~

JEQ—-A

H(F)w(j)<c qH w(f C_qHF,‘-

JEQ JEA JEB

Because B € 2, we have #I (¢, B) < k —p. Hence a subset I of B exists
such that #/ = k—p and I (¢, B) C 1. Hence #(B-I)=k+1-(k—p) =p+1

and
H FJSCA'—(pH).
jeB-I

Therefore
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We obtain 4
H(Fj)w(n 5c—q HFJ < C_qé_(pH)HFj.
JEQ JEB JEI
Hence
[TiE)*61= TIE* - 116,
JEQ JjEQ JjeQ

< (1) (1)

=1 [FG)).
JeI
On the other hand, we have

1/(k=p)
(HFJGJ) <—(EFG)S_I,(ZFJGJ) ’
jeI I3 JEQ

since the arithmetic mean majorizes the geometric mean. Therefore

A — F. G.
H $xLa $2(t)(j) 2/9 jeIIQ[( J) J]

jeg
k—p
— g .—(p+1 —(k—
chc (IH')(k_p) (k—p) (EF}GJ)

j€Q

k—
Sylas® \
=6 Z$ L $2 25, )
jeo $xlLa;
and (1.11) is true. Q.E.D.

2. DEFECT RELATIONS FOR HYPERPLANES IN SUBGENERAL POSITION
Assume (A1)-(A9). For p € Z[0, k] and j € Q, take s, € A_, define
(2.1) = M,

®,(a))
take ¢, asin (1.10), and define
A, =1+{logec,.
Lemma 2.1. Assume that (A1)-(A9) hold. Take p € Z[0, k — 1]. Define B(r)
as in §1. Then we have

2(k - p)S, +2Zw1)(mf(r a;) - m, (r,a;))

JjEQ

<A+ (k- p)/ log (E ')hp) o

(2.2)

JjeQ
for almost all r> 1.
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Proof. The Product to Sum Estimate (Theorem 1.5) reads

Jj€Q JjEQ

k—p
H(Fj) ])Q B(’ (Z jp¢p(a ﬂ(")) .

If r>s,, we obtain

A+ (k=p) [ log (Zchpp(a ”")h)
M(r)

JEQ

k—p
=1 +/M( )logcp (Z S p ) o+2k —p)Sfp(r)

JEQ

> 1+ /M(r) log (H (Fj,,)‘””)%(a,)""’) o +2(k = p)S; (1)

Jj€Q

=1 +Z/3(’)/ log®,(a,)0 + Y w(j) / logFjpa+2(k—p)Sfp(r)

JEQ Jj€Q
=1-28(r me (r, a
jeQ
+2) w()m, (r,a)—m, (r,a))+2k=p)S,(r).
JEQ

Theorem 0.6 with s = s, implies that mg, (r,a;) < Tf (r,s)+ m, (So» a;) for
almost all r > s,. Therefore for almost all r> sy we have

2B(r)me(r a;) <2B(r) (qT (r, s0)+2mf(s0,a))

JjeQ J€Q
< 2B(na(T, (r, s0) + 1)

< 2,B(r)q(Tfp(r, o)+, +1)=1.

Thus we obtain the desired estimate (2.2). Q.E.D.
Lemma 2.2. Assume (A1)-(A9). For any ¢ >0,

(2.3)

, o1
S w()m, (r,a) = m; (r, @)+ (k=p)S,(r) < 5(k=p)i(1 +2)
Jj€Q
x (3log T,(r, s) +log Y (r) + 3log* log Y(r) + 3log" Ric] (r, 5)) + €logr.
Proof. Abbreviate S = (k — p)S,(r) + 32 ;co @w(J)(m,(r, a;) - mf+l(r, a;)).



DEFECT RELATIONS FOR DEGENERATE MEROMORPHIC MAPS 509

Then Lemma 2.1 and Lemma 0.8 give us

Ss;p+ =(k - p)/ log(ZF(D(a )a

JjEQ

21 + (k p)(C(l+8) (3longp(r,s)+logY(r))+elogr).

Theorem 0.7 implies

log T, (r, s) < logT.(r, s)+log log Y(r) +log" Ric’(r, s) + —— logr.
gT,(r,s) < logTy(r,s)+log log¥(r) +log < ( )c(1+s)2g

Hence
§$<3 (k D)C(1 + 8) (3log Ty(r, 5) +log Y(r)

+3log" log Y(r) + 3log" Ric) (r, s)) + 3(k — p)elogr.
If we start with ¢/3(k — p) instead of ¢, then we get the lemma. Q.E.D.

Theorem 2.3 (Second Main Theorem). Assume (A1)-(A9). Take any ¢ > 0.
Then

(2.4)
N, (r,8)+ Y w()mir, a)

JEQ
<(k+ DT, (r, s)+ k(k2+ D Ric,(r, 5) + elogr + Lk(k + 1)Z(1 +¢)’

x (3log Tf(r, s) +log Y(r) + 3log" log Y(r)+ 3log* Ric:(r, s)).
Proof. Since m, (r,a;) =0, we have

Zme (r,a)—mg (r,a) )= _myr,a).

p=0j€Q j€Q
Summing up (2.3) over p=0, ...,k —1 gives
(2.5)
k—1 ,
Y- o()m(r, a)+ Y (k= p)S,(r) < sk(k + 1){(1+¢)
j€Q p=0

X (3log Ty(r, s) +1ogY(r) + log" log Y(r) + 3log" Ric:(r, s)) + kelogr.

Theorem 0.5 (Pliicker Difference Formula) implies

k—1
d_(k=p)N, (r, )+ T, (r,$)=2T;(r,9)+T, (r,s))
p=0

(26) »
= Stk =S, (1) - S, () + XEF D Ric (7, ),

p=0 2
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where
(2.7) N,p(r,s):NdH(r,s)—ZNd (r,s)+Nd_l(r,s).
Since T_(r,s)=0=T,(r,s) and d,=d_, =0, (2.6) and (2.7) imply

N, (r,$)=(k+1) Dk P)(S, (1) 5,(s)) + XD

Ric (7, s).

Combining this with (2.5) gives
Ndk(r, s)—(k+ l)Tf(r, s)

k(k+1)
2

<-> w()mr,a;) +kelogr+
Jj€Q
+5k(k + 1)0(1 +&)*(310g T,(r, 5) +log ¥ (r)
+3log log Y(r) + 3log” Ric:(r, s)).
Therefore if we start with ¢/k instead of ¢, we obtain the theorem. Q.E.D.
Definition 2.4. Assume (A1)-(A9). Define

Ric (r, s)

. m f(r a)
the Nevanlinna defect d,(a) = lim ——-—
r—»oo Tf(r S)
. — RlC (r,s)
the Ricci defect R, = rLoo —TW ;
. log Y(r)
the majorant defect Y = rl_mo T (r 5) ;
Nd (r,s)
the ramification defect D, = lim e ”
r—oo Tf(r S)

Then by First Main Theorem (Theorem 0.6), 0 < ¢ (a) <
Recall that { = [,/ o> 0 is a constant for all r€A_ .

Theorem 2.5 (Defect Relations). Assume (A1)-(A9). Then

n+1

28

k(2n—k+1
f+25f(a Y<(n-—k+ 1)+—(——2——) (R,+§Y,) )
Moreover, the constant term 2n —k + 1 on the right-hand side is a sharp bound.
Proof. Theorem 0.4 implies

im %87 _

r—oo Tf(ra S)

Dividing both sides of (2.4) in Theorem 2.3 by T,(r, s) and letting r — oo
and ¢ — 0, we obtain

(2.9) Df+ Zw(j)af(aj) <k+1+ k(k2+ I)Rf"' k(k: I)CYI~

JjeQ
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Multiplying both sides of (2.9) by the Nochka constant 6§ > 1, we obtain
. Ok(k +1 4
6D, + zéf(aj) < Z(l —0w(j))o,(a;) +0(k+1)+ % (Rf +3 f> .
JjeQ jeQ
Notice that 0 < Jf(aj) < 1 and Theorem 0.3 implies 1 — fw(j) > 0 and
q-0(2;cpw(j)—k—1)=2n-k+1. Hence we have

(2.10) 0Df+25f(aj)5(2n—k+l)+w(Rf+ ny)_

JEQ 2 2
Since | ) el
n+ n—k+
k+1 s6< k+1
(Theorem 0.3), we have
n+1 k(2n-k+1) 4
me+§6f(aj)s(2n—k+l)+T Ry +3Y,).
j€

To derive the last inequality from (2.10) we have to define R +20.
The sharpness comes from the example in Nochka [4]. Q.E.D.

When M = C™, we may use the usual metric and the usual differential
operator on it; then Ric (r,s) = 0 and Y(r) = 1. Therefore we have the
following corollary. The statement (1) coincides with the result of Stoll [6,
Theorem 12.1, p. 175].

Corollary 2.6. Assume (A1)-(A9).
(1) If k = n, namely, if {a;},cp are in general position, then

k(k+1
(2.11) D,+) 6,a)<k+1+ (2 )(Rf+ng>;
JEQ
(2) if M =C"™, then
+1
(2.12) Z+1Df+Z§f(aj)52n—k+l.

jeQ

3. DEFECT RELATIONS FOR k-DEGENERATE MEROMORPHIC MAPS

Now we shall deal with the case where f is linearly degenerate while {a i } jeo
are in general position.

Let W be a Hermitian vector space of dimension n+ 1. Let V be a linear
subspace of dimension k + 1 with 1 < k < n. The Hermitian metric on W
restricts to a Hermitian metric on V. The inclusion map p: V — W is an
isometry. It induces an injective, projective linear map j: P(V) — P(W) such
that

poP=Pop.
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Also p induces a surjective linear map p*: W* — V", the dual linear map,
which is well defined by the identity
P (a)(x) = a(p(x))

forall r € V and a € W*. The Hermitian metrics on W and V induce
metricson W* and V*.If a € W", then

(3.1) p‘(a)=a0p=a|,,.
The kernel
(3.2) K =kerp”

is a linear subspace of dimension n — k in W*. Let L = K™ be the or-
thonormal complementary subspace of K in W*. Then W* = K ® L and
dim L = k + 1. We have exact sequences:

0—- Vv & w —vt-o,
0— V'L W — K «0,
nl Il l
00— L «K®L~ K 0.

We know that n = p°|,: L — V" is a linear isomorphism. In fact, n =
Pl - L— V* is an isometry and so we may identify V" with L such that 5
becomes the identity.

Lemma 3.1. Let Q(W) be the Fubini-Study form on B(W). Let Q(V') be the
one on P(V). Then

(3.3) pHQW)) =Q(V),
where * indicates the pull back map between differential forms.
Given a € P(W™), suppose 0 # a € W* and a = P(a). Then

o™ (@)l -
>0 if V¢ Ela];
(3.4) A (a) = lxll ‘ ¢ Ela]
0 if V C E[a]
is well defined and is independent on the choice of a. We can write a = f+7

with B € K and y € L. Then |a|* = |81 + I7II*, 2% @l =" @)l = I7Il-
Hence

(3.5) 0<A,(a)= Wl oy

where Ap(a)=0 iff a=p€ek.

Take p € Z[1, k]. The inclusion p: V' — W induces an inclusion p,:
/\p+1 V— /\p+1 W by p,(rgA---Ar,) = P(xg)A--A(x,) . The Hermitian metrics
on W and V induce Hermitian metrics on A .,V and N, W as usual.
Then p, is an isometry. p, induces an inclusion map p,: G,(V) — G,(W).
Take x € P(\,,, V), a € P(W") — P(K). Suppose a € W" — K satisfying
P(a) =a. Then p*(a) # 0,50 b = p"(a) = P(p*(a)) is well defined. Moreover
we have the following lemma.
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Lemma 3.2.

(3.6) $5,(x)La$ = $xLb$ A, (a).
Proof. Define p_,: C — C to be the identity. Take r € /\p +1 V such that
x =P(). Then |p, ()|l = [zl and b=Po p*(a). Therefore

o, elall o, ,GLp" (@)l
To,@N-Tell ~ Tl - llal

_ _ltp* @l e @)l _ N
STl Tl XE(P (@)$-4,()

= $xLb$ A, (a). QED.

Now we make the following general assumptions:

(B1) M is a connected complex manifold of dimension m

(B2) 7 is a parabolic exhaustion on M ;

(B3) Let &, k, n be integers with 0 < h <k <n. Let W be a Hermitian
vector space of dimension n+1 and V' C W be a Hermitian vector space with
dimension k + 1. Suppose that the Hermitian metric on V is the restriction of
the one on W . Let p: V — W be the inclusion map. Assume that p induces
the inclusion map p: P(V) — P(W) with poP=Pop;

(B4) g: M — P(W) is a k-degenerate meromorphic map and f: M — P(V)
is a meromorphic map such that g = po f: M — P(W);

(BS) There is a holomorphic differential form B of bidegree (m — 1, 0) on
M;

(B6) f is general for B;

(B7) T majorizes B and Y is the majorant;

(B8) Let Q = Z[1, q] with ¢ > 2n—k + 1. Suppose a; € P(W*), jeQ,
are in general position and V ¢ E[a 01 forany j€Q.

Lemma 3.3 (Chen [3]). Assume (B3), (B4) and (B8). Then [)'(aj), JE€Q, are
points of P(V") in n-subgeneral position.

$5,(x)La$ =

Assume (B1)-(B8) hold. Then all assumptions of Theorem 2.5 are satisfied
for f and {[)*(aj)} jeg- Therefore the result, the defect relation, also holds.
We need only to translate the results in terms of g. Applying Lemma 3.1 and
Lemma 3.2, direct calculations of definitions will give

Theorem 3.4. Assume (B1)-(B8). Define b = p*(a) e P(V*). Let 0<s<re
R. Then we have

Tf(r,s)=Tg(r,s), Nf(r,s,b)=Ng(r,s,a),
1
Clogm+mf(r, b) = mg(r, a),

Therefore Theorem 2.5 (Defect Relations) implies the following theorem.
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Theorem 3.5 (Defect Relations). Assume (B1)-(B8). Assume R, < oo and
Y, <oco. Then

n+l B k(2n—k+1) ¢
(37 1D +Z(5(a)<2n k+l+f(Rg+§Yg).

Moreover the constant term 2n —k + 1 on the right-hand side is a sharp bound.

Remark. When dim M =1, (3.7) coincides with a result of Nochka [4]. When
k = n, it becomes a result in Stoll [6].

Now we change the condition in (B8) from being in general position to being
in N-subgeneral position and set assumption

(B8") Suppose 2N —k + 1 < #Q = g < 0. Suppose a; € P(W*), jeQ,
are in N-subgeneral position and V ¢ E[a 0] forall jeQ.

Lemma 3.6 (Chen [3]). Assume (B1)-(B7). Let a; be given in (B8#). Denote
B; = p'(aj) and b; = P(B;). Then {b;},, arein N-subgeneral position in
P(V").

When Theorems 3.4, 3.6 and 2.5 are applied, we obtain defect relations for
a k-degenerate meromorphic map g with {a ; } ico in N-subgeneral position.
The defect relation has exactly the same form as seen in Theorem 2.5, although
here the meromorphic map is g: M — P(W) and a ;€ P(W™).

Theorem 3.7 (Defect Relations). Assume that (B1)-(B7) hold. Assume (B8#)
holds too. Take p € Z[0, k — 1]. Assume R, < o0 and Y, < oo. Then

N+1 k(2N -k +1) ¢
(3.8) +Z(5 Y<2N—k+1+ —-—Z—(Rg+§Yg>.

Moreover the constant term 2N —k + 1 on the right-hand side is a sharp bound.

In a similar way we can reach the Second Main Theorem and defect relation
for associated maps of g. But the calculations are much more complicated.
Therefore we state only the simplest result of it without proof. More details are
in Chen [2]. First we state an assumption:

(C8) Let {a;};co be elements of Gh(W*) that are in general position in

P(A,, W) . Take o oE/\h+1 W* for j € Q such that a; =P(a ) and suppose
that o | ’, /\;m V) % 0 Suppose

n+1 k+1 _
2(h+1) - <h+1> S#Q =g <o
Theorem 3.8 (Defect Relations for Associated Maps on C™). Assume that M =
C™ and that (B3), (B4) and (B6) hold. Let h and p be integers satisfying
0<h<p<k-—1. Assume (C8) holds too. For r > s > 0, define the defect of
g, at a; by
5 li mgp(aj)
S T )
P
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Then we have
n+1 h+1 k+1
(3.9) Z‘sxp(“f)5<h+1)(”m)'(hﬂ)'
j€Q
Thanks to Professor W. Stoll for the help on this work.
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